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CENTER AND REPRESENTATIONS OF INFINITESIMAL 
HECKE ALGEBRAS OF s[2 

AKAKI TIKARADZE AND APOORVA KHARE 



Abstract. In this paper, we compute the center of the infinitesimal 
K I Hecke algebras H^ associated to SI2; then using nontriviality of the cen- 

ter, we study representations of these algebras in the framework of the 
BGG category C We also discuss central elements in infinitesimal Hecke 
algebras over gl^ and sp{2n) for all n. We end by proving an analogue 
of Duflo's theorem for H^- 



1. Introduction 



< 

d . 1.1. Background. In the paper [EGGj . the authors introduce new fami- 

lies of algebras which they call continuous Hecke algebras and infinitesimal 
Hecke algebras (the latter being subalgebras of the former). They do this 
^nq ! as a way to provide a unifying treatment of the representation theories of 

^ ' various algebras such as Drinfeld-Lusztig degenerate affine Hecke algebras, 

1^ . and symplectic reflection algebras of [ EG] (which include rational Cherednik 

algebras). We briefiy recall their definition. 
Tij- ■ We fix once and for all a ground field k (which will be assumed to be 

r>^ . algebraically closed of characteristic zero), and let G be a reductive algebraic 

O \ group over k (not necessarily connected), and p : G ^ GL{V) a finite- 

QP ■ dimensional representation. Then one can form the semi-direct product 

' algebra TV xi 0{G)*, where TV is the tensor algebra of V and 0{G)* is the 

algebra of algebraic distributions on G. 
^ . Now given a skew-symmetric G-equivariant fc-linear pairing 7:^x^—7- 

H I 0{G)*, the authors define in [EGGj an algebra H^{G), as a quotient of 

TV X 0{G)* by the relations: [x,y] = ^{x,y) for all x,y £V. 

One has an algebra filtration on H^{G) obtained by assigning to V the 
filtration degree 1, and to 0{G)* . Hence we get a natural map : Hq{G) — » 
gr(if^(G)), and H^{G) is called a continuous Hecke algebra if and only if 
this map is an isomorphism (the PBW property). 

If one takes distributions supported on 1 S G, instead of 0{G)* , the 
resulting algebra is called an infinitesimal Hecke algebra if the corresponding 
PBW property is satisfied. Hence this algebra is a quotient of TV x ilg by 
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2 AKAKI TIKARADZE AND APOORVA KHARE 

a 0-invariant relation: [x,y] = ^(x,y), where j : V x V ^ ilg. It is also a 
deformation of ilg x Sym(y) = il(g x V). 

If G is connected, one gets a continuous Hecke algebra if and only if 
the corresponding algebra is an infinitesimal Hecke algebra. When G is a 
discrete group, one recovers the symplectic reflection algebras of [EG] in this 
way. So in a sense, symplectic reflection algebras and infinitesimal Hecke 
algebras lie on opposite sides of the spectrum. 

In this paper, we will mainly be concerned with the question of comput- 
ing the center of the infinitesimal Hecke algebras of SL2, and the spectral 
decomposition for the analogue of the BGG category O for these, over the 
center. It is well-known ( [BGj ) that the center of symplectic reflection al- 
gebras is either trivial, or the whole algebra is a finitely generated module 
over its center (when the one-dimensional parameter is 0). 

It seems to us that one has a completely opposite picture for infinitesimal 
Hecke algebras. Namely, infinitesimal Hecke algebras of SL2 and GL2 have 
nontrivial (but not "large") centers, so the category O has a spectral de- 
composition. We expect similar phenomena for infinitesimal Hecke algebras 
of higher rank as well. 

1.2. Results. We now describe (some of) the concrete results of the paper. 
For the most part, we will work with g = 5(2 and V = k'^, the standard 
representation with basis vectors x, y. In this case we have Hz = (TV xi 
itg)/([j;, y] — z), where z is a central element of ilg. 

• We prove (Theorem 12.11) that the center of H^ is freely generated 
by a nontrivial quadratic element for any value of z (quadratic with 
respect to the filtration that assigns degree 1 to y and to g). This 
central element also exists for g = sp(2n) and V = A;^", at least when 
the deformation parameter is trivial. 

• Moreover, it is shown (also in Theorem 12. ip that this algebra has 
no outer derivations for nonzero z, and if z = 0, then the Euler 
derivation generates the outer derivations. 

• The commutator quotient of Hz turns out to be finitely generated 
over the center (Theorem 13. ip : it is generated by deg(2;) elements 
(where we look at 2; as a polynomial in the Casimir element). 

We also briefly consider the infinitesimal Hecke algebra associated with 
g = gl„ and V = f) ® f)*, where t) = k"" is the standard representation. 
In this case (at least when /3 = 0), the center of Hjs contains at least two 
(algebraically independent) quadratic elements. Moreover, we prove that 
for any /3, the center of Hp is nontrivial (see Proposition 14. 2p . 

We then consider some consequences of the nontriviality of the center of 
Hz, such as the spectral decomposition of the BGG category O, the Harish- 
Chandra homomorphism, and so on. We also describe the multiplicities of 
irreducible modules in Verma modules when the parameter is a scalar. 
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Finally, we prove an analogue of Duflo's theorem on primitive ideals for 
the infinitesimal Hecke algebra Hz , by utilizing a theorem of Ginzburg [Gi] . 

2. The center 

Let us start by recalling the exact definition of infinitesimal Hecke algebras 
for g = sp(2n) and V = k'^"'. Denote by w the symplectic form on V; one 
then identifies g with g* via the pairing g x g — )• fc, (A, B) i— )• Tr(AS), and 
Symg with ilg via the symmetrization map. Then for any x,y ^ V, A £ g, 
one writes 

u;{x, (1 - T^A^r'y) det(l - TA)-' = lo{x, y){A) + hix, y){A)T^ + ... 

where li{x, y) G Symg = ilg is a polynomial in g for each i. 

For each polynomial f3 = /3o + I32T'^ + fS^T'^ + ■■■ € k[T], in [EGG] the 
authors define the algebra Hp to be the quotient of TV xi ilg by the relations 

[x, y] = /3o^o(a;, y) + P2l2{x, y) + ... 

for all x,y £ V. It is proved in [EGG] that this yields an infinitesimal Hecke 
algebra (i.e., the PBW property holds). Also note that setting /3 = yields 
the "undeformed" case: ii'o(5p(2n)) =il(sp(2n) x A;^"). 

We will restrict ourselves to the case n = 1. Let us describe more ex- 
plicitly a presentation (via generators and relations) of this algebra (e.g., 
see [EGG! Example 4.12]). We have V = kx ® ky, with [h,x] = x, [h,y] = 
—y (where e,f,h form the standard basis for s[2, with standard relations 
[h,e] = 2e, [h, f] = —2/, and [e,/] = h). Then this algebra is a quotient of 
TV X ilg by the relation [x,y] = z, where z is a central element of ilg. We 
will denote this algebra by H^. 

A few years before the paper [EGGj appeared, the representation theory 
of Hz was studied in great detail by A. Khare in |Kh] . In particular, he 
proved the PBW property there, the proof being completely different from 
the one in [EGGj . 

We start by determining the center and derivations of the algebra Hz- 
We have the following 

Theorem 2.1. 

(1) The center of Hz is a polynomial algebra in one variable, and the 
generating central element has filtration degree 2. 

(2) If z = 0, then H^{Hq, Hq) (Hochschild cohomology) is a rank one 
free module over the center, and if z ^ 0, then every derivation of 
Hz is inner. 

We prove the theorem in several steps, showing several small results along 
the way. It is noteworthy that if we replace Hz by its natural quantization, 
then (if z ^ 0) the center becomes trivial; see |GKl Theorem 11.1]. 
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2.1. An anti-involution and a central element. First, recall an (alge- 
bra) anti-isoniorphism of Hz, called j, defined in [Khj : 

j{x) = y, j{y) = X, j{h) = h, j(e) = -/, j(/) = -e. 

More generally, let us also write down a basis for sp(2n): 

We now claim 

Lemma 2.1. Let /S. = h? + 4e/ — 2h be a multiple of the Casimir element 
of 5I2. 

(1) The map j, taking Ujk -H- Ukj,Vjk ^ —Wjk, and e-i -H- ej+„ (in 
V = k'^'"') for all 1 < i < n, is an anti-involution o/il(sp(2n) k TV). 

(2) It also factors through an anti-involution of if^(sp(2n)) for scalar 
parameters /3q, as well as for all Hz (here, n = 1 and z is any 
central element in ilgj. 

(3) For n = 1 and any z, the map j fixes the following elements in 
Hz', h, A, z, t := ey'^ + hxy — f x'^ . 

(4) Moreover, the element t hz commutes with e,f,h in Hz- 

Proof. 

(1) Consider sp(2n) ■^^ Ql{2n). Then on sp(2n), j is the map j{X) := 

—tXt~^, where t = t^ ~ \ ia n" ) ' ^^ ^' ^ ^^ ^^^ map v 1— )■ 

T ■ V. One now easily checks that this yields an anti- involution of 
ilg K TV. 

(2) For a scalar parameter /3o, the added relations we have to quotient 
il(sp(2n)) x TV by, are: [ej,eA:] = /3o'5|j~A:|,n(^ ~ k)/n. These are 
clearly preserved by j. Similarly, j preserves [x,y] as well as z = 
z(A). 

(3) That j fixes h and A (and hence z) is easy. Now applying j to t, we 
get 

j(t) = -x^f + xyh + y'^e = hxy + ey"^ - fx^ - \e,y^\ - {-\f,x^\). 

But the last two terms cancel each other, since 

[e, y^\ = [e, y]y + y[e, y]=xy + yx = x[f, x] + [/, x]x = [/, x\ 

so this element is indeed fixed by j. 

(4) Note that 

[e, t] = e{xy + yx) — 2exy + hx — hx = eyx — exy = —ez, 

1 1 

so we see that \e,t hz] = 0. Moreover, t hz also commutes 

^ ' 2 ^ 2 

with h. Finally, applying —j to et = te, we get tf = ft. 

D 
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Though we do not use it in this manuscript, we now generaUze the above 
central element (note that t £ ^{Hq)) for all n: 

Proposition 2.1. For any n, the "undeformed" algebra Ho(5p{2n)) has at 
least one central element, namely: 

l<r,s<n 

where {ej : 1 < i < 2n} is the standard basis ofV = /c^". 

Note that if n = 1, then tn = '^t. 

Proof. We outline the steps of this long-winded but straightforward (and 
heavily computational) proof. Define Urs '■= Vrs^r+n^s+n — WrsSrSs, and 
brs := Urseger+n + Us^r^r^s+n for all r, s. The steps of the verification are: 

(1) The anti-involution j (in Lemma l2.ip preserves ars,brs for all r,s; 
hence it preserves tn too. 

(2) [ci, Qrs + brs] = for all r, s and 1 < i < n; hence the same holds by 
replacing a by Cj+n, using j. 



(3) 
(4) 



En 
r,s=l '^rs 



Vp,( 



Vpq, tn] = Vp, q, whence [wpg, tn] = using j. 

D 



2.2. Commutators of powers of the Casimir element. By Lemma [2Tl 

j fixes the subalgebra generated by the elements t, h, and 3(il5) (the center 
of ilg) . Hence our goal now is to exhibit an element from this algebra which 
will commute with e,x,h (and hence with y,f, applying j), and therefore 
will lie in the center of H^ ■ 
We now compute that 

[x, t] = e{zy + yz) — x y + hxz + yx 

= 2ezy — e[z, y] + hzx — h[z, x] — {2zx — [z, x]) 
= 2ezy — 2zx + [z, x] — e[z, y] + hzx — h[z, x], 
and 

[x,-hz] =--xz + -h[x,z] = --zx + -[z,x] + -h[x,z], 

so we get that 

1 3 1 1 

(2) [x, t - -hz] = 2ezy - -zx + -[z, x] - e[z, y] - -h[z, x] + hzx. 

Denote this element by uj. We now want to produce an element qz in the 

center of ilg such that [x,qz] = w, for then t — -hz — qz will be a central 

element in Hz. 

To show this, we will analyze sl2-maximal vectors in Hq (i.e., vectors 
annihilated by the adjoint action of e) and in Hz, of various weights. A first 
step in looking at such things is realizing that Hz is a direct sum of finite- 
dimensional 0- modules (this is true for any infinitesimal Hecke algebra): 
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Lemma 2.2. Given Lie algebras q ^ 0,1)' that are semisimple and ahelian 
respectively, define f) := f)g ® f)', the Cartan subalgebra of the reductive Lie 
algebra g := g © f)'. If V is an \]-semisimple completely reducible '^-module, 
then so is ^ := itg x TV. 

Corollary 2.1. Every infinitesimal Hecke algebra is such a direct sum, and 
of finite- dimensional Q-modules. 

The corollary is obvious since such algebras are quotients of A for some 
finite-dimensional V (so that all "highest weights" of summands in A are 
sums of two dominant integral weights for g, one from each tensor factor 
ii9,TV). 

Proof of Lemma\KM The f)-semisimplicity is obvious. It is also easy to 
check that A is graded: A = 0„,/^n,/- Here, Anj := ilg (/c • /) (g) T'^V, 
where n > and / runs over some fixed basis of Symf)'. Moreover, each 
summand has an increasing filtration by finite-dimensional g-modules, using 
the standard filtration on ilg: 

An,i = Alj = (F'lig) ®{k-i)® r"y. 

Using Zorn's lemma, one easily shows that a union of finite-dimensional 
(and hence completely reducible) f)-semisimple g-modules is itself completely 
reducible. But then, so is ^ = 0„ jAn,!- □ 

Next, we have 

Lemma 2.3. The map ip : A;[X, F] — )- ilg, sending X'^Y^ H> A'"e", is 
a vector space isomorphism onto the set of maximal vectors in (the adg- 
module) ilg. 

Proof. The injectivity is obvious. Now let a be such a maximal vector. We 
may assume without loss of generality, that a is in one weight space. We 
proceed by induction on the weight. If a is divisible by e and a = ge for 
some g £ ilg, then we claim that [g, e] = too. For we have 

(3) = [a, e] = [ge, e] = [g, e]e => [g, e] = 

since ilg is an integral domain. (We will use this dividing trick later in 
this manuscript.) 

Thus, we now assume that a is not divisible by e, so if we write it in 
the usual PBW basis, it will contain a monomial a containing no e. Thus a 
has non-positive weight, and since (by Lemma 12.21 with t}' = V = 0) ilg is 
a direct sum of finite dimensional g-modules (under the adjoint action), it 
has no maximal vectors of negative weight. Therefore a has weight 0, and 
hence is annihilated by g (from the structure theory of finite-dimensional 
s[2-modules; see [HuJ ) . Hence, a is a central element. D 



Remark 2.1. Using the anti-involution j, we can get a similar description 
of elements which commute with /, as an algebra generated by /, A. 
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Recall that A = /i^ + 4e/ — 2h is the Casimir element. Our next step will 
be to compute the commutators of powers of A, with x and y. For n = 1, 
we have 

[A, x\ = hx + xh + 4ey - 2x = {2h - 3)x + Aey, 
[A, y\ = -hy -yh + 4xf + 2y = -{2hy + y) + 4(/x -y) + 2y 
= (-2/1 - 3)y + 4/x. 

(Note that (adx)^(A) = (ady)'^(A) = in Hq.) We next extract information 
about these commutators. 

Proposition 2.2. There exist polynomials frndn S Z[T] C k[T] for all n, 
such that 

[A", x] = {fn{A)h + 5„(A))x + 2/„(A)ey 
and for y, we have 

[A-, y] = 2/„(A)/x + (5n(A) - /„(A)/i)y. 
The polynomials fn-,9n o,re inductively defined as follows: 

(4) /i(T) = 2, /„+i(T) = 2r" + (T - i)/,(r) - 25n(r), 

(5) gi(r) = -3, 5n+i(T) = -3r" + (T + 3K(T)-2r/„(T). 

Proof. We show the various assertions made above. 

(1) Note for any g £ ilg that [g, x] is, first, a ilg-linear combination of x 
and 2/ only. Next, [A", x] is also a maximal vector for 3, of weight 1. 
Thus, if it equals ax + f3y, then a has weight and /3 has weight 2. 
We now write [e, [A", x]] = to get 

= [e, ax + /3y] = ([e, a] + /3)a; + [e, /3]y. 

By the PBW theorem, the coefficients of x, y therefore vanish. Thus, 
/3 G ilg is maximal of weight 2, hence is a central element times e 
(by Lemma l2.3p . 

Suppose we write /3 = 2/„(A)e for some polynomial /„ in A. Then 
we get [e,Q] + 2/„(A)e = 0, whence we get that ade(a) = — 2/„(A)e. 

Since [e, /„(A)/i] = /n(A) • (— 2e), hence we see that a — fn{A)h is 
killed by e. Moreover, it is a weight vector of weight 0, so it equals 
g„(A) for some polynomial gn- 

Finally, the given initial values of /i , gi do indeed satisfy the com- 
mutation relations that we verified above. 

Remark 2.2. We will sometimes omit A from /„(A), but this 
should not cause any confusion. 
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(2) We now compute the polynomials fn,gn inductively. We have 

[A''+\x] = A"[A,x] + [A",x]A 

= A"(2/i - 3)a; + A"4ey 

+(/„(A)/i + <7n(A))xA + 2/„(A)eyA 

= (A"(2/i-3) + /„(A)A/i + 5„(A)A)x 

+ (2/„(A)Ae + A"4e)y 

-(/„(A)/i + <7n(A))(2/i - 3)x - 2/„(A)e4/x 

-(/„(A)/i + gn{A))Aey - 2/„(A)e(-2/i - 3)y. 

Grouping all elements containing y, we get the coefficient of y to be 

4A"e + 2/„(A)Ae - 4(/„(A)/i + <7n(A))e + 4/„(A)e/i + 6/„(A)e 

=2(2A" - 25„(A))e + 2/„(A)(Ae - 2he + 2eh + 3e) 

=2(2A" + /„(A)(A - 1) - 25„(A))e, 

whence we get that the coefficient of y is 

2/„+i(A)e = 2(2A" + /„(A)(A - 1) - 2gn{A))e. 

This proves the relation for fn+i- Similarly, grouping all elements 
containing x, we get the coefficient of x to be 

A"(2/i - 3) + fn{A)Ah + <7„(A)A - gn{A)2h 

+ 3gn{A) - 2fn{A)h^ + 3fn{A)h - 8fn{A)ef. 

Note that the sum of the last three terms is — /„(A)/i — 2/„(A)A. 
Hence we get that the coefficient is 

fn+i{A)h + gn+i{A) 

= A"(2/i - 3) + fn{A){Ah -h-2A) + 5„(A)(A -2h + 3). 

Subtracting fn+i{A)h from both sides (and using the formula 
above), we conclude that 

<7„+i(A) =A"(2/i - 3) + fn{A){Ah -h-2A)+ 5n(A)(A -2h + 3) 

- A"2/i - fn{A){Ah -h) + 2gn{A)h 

= - 3A" - 2/„(A)A + 5„(A)(A + 3). 

Thus, we have shown the inductive formulae. 

(3) Computations with y are directly analogous to the ones above. 

D 

As a corollary of these calculations, we have 

Corollary 2.2. 

(1) /„ and gn are polynomials of degree n — 1, with top coefficients 2n 
and —n{2n + 1) respectively. 

(2) The fn 's (or gn 's) form a basis o/3(iig). 

(3) The only elements from 3(il0) that commute with x or y are scalars. 
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Proof. 

(1) (At first, recall that 3(Hg) is generated by A; see |Huj .) All these 
facts are proved simultaneously by induction on n; they clearly hold 
for n = 1. Suppose they now hold for n. The inductive definitions 
then show that /„+i has leading term arising from 2T^+T-{2nT^~^-\- 
■■■). Hence U+i = 2{n + l)r" + • • • . 

Similarly, the top coefficient of g„+i is the coefficient of T" (unless 
it vanishes), and this equals 

-3 - n(2n + 1) - 2 ■ 2n = -{3 + 2n^ + n + An) = -(n + l)(2(n + 1) + 1) 

as claimed. Hence we are done by induction. 

(2) This is because both denote a unipotent change of basis from the 
usual { 1 , T, r^ , . . . } , and the map sending T to A is an isomorphism 
: A;[T]^3(il0). 

(3) Note that an element from 3(il0) commutes with x if and only if it 
commutes with y (applying the anti-involution j and noting that j 
fixes A). Thus, we need to show that if X]j>o'^«^* commutes with 
X, it must be 0. But we have 



Y,ai.[A\x]= lY,a,{fi{A)h + g,{A))] • x + 2 f J^ai/i^A) j 



ey. 



Both coefficients (i.e., of x and y) must therefore be zero. Since the 
associated graded of Hz is an integral domain, hence ^^ aifi{A) = 0; 
since the /j's form a basis of the center, we get each a^ to be zero, 
and we are done. 

D 



We have the following proposition, which will be used later. 

Proposition 2.3. Suppose ip,ri,a,(3 are central in itg. Then the following 
are equivalent: 

(1) 2'iljey + (hij: + r])x = [a, x] + /3x. 

(2) 2^Pfx + ir]-h^P)y = [a,y]+/3y. 

(3) V' = Ei>o«i/i(^)' « = Eis^o^i^*' 13 = V - Y.i(^i9i{^) for some 
scalar s Oi £ k. 

Thus, either of the first two equations has a unique solution in a, (3 (modulo 
the constant term in a). 
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Proof. We first prove that the last statement iniphes the first two. Given 
ip, r] and a, f3 as m the last part, we compute: 

[a,x] -\- I3x ='^[ai{fi{A)h + gi{A))x + 2aifi{A)ey] + 7]x - '^aigi{A)x 

i i 

= ^ aifi{A) • /ix + 2 ^ aifi{A) ■ ey + r]x 

i i 

=2ipey + {hip + r])x. 
Similarly, 
[a,y] + /3y = J^[ai(5i(A) - fi{A)h)y + 2aifi{A)fx] + qy -Y,aig^{A)x 

i i 

= -Yl «^/i(^) ■hy + 2Y, dihi^) ■ fx + m 

i i 

=2ipfx + (r/ — h'ip)y. 

To prove that the first two parts imply the last, we first note that the 
solution set a, /3 is "additive" in the variables ijj, 77. Therefore it suffices to 
show that if [a, x] + /3x = or [a, y] + I3y = 0, then a = /3 = 0. 

So suppose a = J2i>o (^ifii^)- Computing the above expressions, we have 

[a, x]+f3x = ^[oi(/i(A)/i + giiA))x + 2aifi{A)ey] + f3x. 

i>0 

Equating the coefficient of y to zero, since the /j(A)'s form a basis of the 
center, and since Hz is an integral domain, we get that Oj = Vi, so a = 
fflo S k. But then we are left with I3x = 0, whence /3 = too. 

A similar proof is for the other equation, using the computations: 



[a,y] + /3y = Y,[ai{gi{A) - h{A)h)y + 2aif,{A)fx] + r]y-Y^ aigi{A) ■ 

D 



X. 
i>0 i>0 



Proposition 2.4. The polynomials fn^dn satisfy the recursive relations 

fi{T) = 2, /2(r) = 4(r + i), 
fn+2{T) = (2r + 2)/„+i(r)-(r2-2r-3)/„(r), 

gi{T) = -3, (72(r) = -10r-9, 

gn+2{T) = (2r + 2)5„+i(T)-(4r"+i + 3T")-(r2-2r-3)5„(T). 

Proof. The initial values of /i , /2 , 5i , 92 can be computed easily using Propo- 
sition [22] above. We now compute the expressions for fn,gn- 

Multiplying the equation in Proposition 12.21 for /„ by (T + 3) , and that 
for 5f„ by 2, and adding these up, the coefficients of gn on the right cancel 
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each other. Hence we get 

(r + 3)/„+i(T) + 25„+i(r) 
= 2r"+^ + er" + (t - i)(t + 3)/„(t) - er" - 4T/„(r) 

= 2r"+i + /„(T)(T2-2T-3). 

But equation (JH for /„ also gives us an expression for 2gn(T) in terms of 
the /n's. Hence 

25„+i(T) = 2r"+i - /„+2(T) + (T - !)/„+! (T). 

Replacing this in the previous equation, we get 

(T + 3)/„+i(r) + 2r"+i - /„+2(T) + (T - !)/„+! (T) 
= 2r"+^ + /„(T)(T2-2T-3), 

from which the relevant equation follows. 

We now show the analogous result for gn- Multiply the equation in Propo- 
sition [22] for /„ by 2T, and that for gn hy (T — 1). If we now add the two, 
the coefficients for /„ cancel each other, and we get 

2TU+i{T) + {T-l)gn+i{T) 
= 4r"+^ - ATgn{T) - 3T"+^ + 3r" + (T + 3)(r - l)gn{T) 

= (r"+i + 3r") + 5„(r)(r2-2r-3). 

Once again, equation ([1]) for gn also gives us an expression for 2T fn+i(T) 
(after a change of variables), namely, 

2Tfn+i{T) = -3T"+i + (T + 3)5n+l(T) - 5n+2(T). 

Substituting in the previous equation, and rearranging terms, we obtain 

gn+2{T) = -3T"+i-(r"+i + 3r") + <7„+i(r)((r-l) + (T + 3)) 
-5n(T)(T2-2T-3) 
= _(4r"+i + 3r") + (2T + 2)gn+iiT) - gn{T){T^ -2T-3). 

D 

We end this subsection by explicitly computing /„ and gn , though we will 
not use this anywhere else in the paper. 

Lemma 2.4. For all n > 0, we have 
UT) = \{T+l)'^[xl-x% 

where x± := \/T + 1 ± 1, and y± := \/T + 1 ± 2. 
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Proof. The claim is verified for the /^'s by induction (using: P{n — 2),P{n — 
1) =^ P{n)). Similarly, to verify the claim for the ^n's, we first define 
hn{T) = {gn{T) - T")/r''-2 E Z[r,r-i]; one now shows that the equation 
for the QnS in Proposition 12.41 is equivalent to: hi = —T{T + 3), /12 = 
-(r + l)(r + 9), and 

'T + l\ ^ (r + i)(r -3) 



hn+2 — 2 — — — hn+1 T^ hr. 



One checks by induction, that the given formula solves this system. D 



2.3. A central element that generates the center. Recall that we 

wanted to write w = [x^t hz\ as a commutator of x with a central 

element of iig (see the remarks after equation ^). We first claim that cj 
can be rewritten as z[-A,x] — (e[z,y] + -h[z,x\) + -[z,x\. Indeed, we can 
simplify this expression to get 

-z{{2h - 2,)x + Aey) - {e[z,y] + -h[z,x\) + -[z,x\ 

3 1 1 

= (2ez?/ - -zx + hzx) + -[z, x] - e[z, y] - -h[z, x], 

which equals the expression used to define cv. We therefore work with this 
new expression, and further rewrite it as 

1 11 

cj = z[-A,x]-{[z,ey] + [z,-hx]) + -[z,x] 

1 1 

= zh^^x]- -[z,2ey + hx -x] 

= z[-A,x]--[z,Aey + {2h-3)x + x] 

= 4^^,x]--[z,[A,x] + x] 

= -{2z[A,x]-z[A,x] + [A,x]z-[z,x]) 

= -^iz[^,x] + [A,x]z-[z,x]) 

= -[x,z-Az] + -iz[A,x]-A[z,x]). 

We would like to show that w = [x,qz] for some qz € 3(ilg). If we can 
now show that there exists zq S 3(il0) such that [zq, x] = z[A, x] — A[z, x] = 

Axz — zxA, then t — -hz — qz would be central, where 

(6) (lz = ^z- -Az - -ZQ. 

The existence of zq follows from the following result, setting z' = A: 
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Proposition 2.5. Given z,z' G 3(H0), we can find zq = zo{z,z') G 3(ng) 
such that 

[zo,x] = zxz — z'xz = z[z,x\ — z\z\x\. 

m — n^ 



and zo(ciA'" + l.o.t., cgA" + l.o.t.) = C1C2 ( - — - ] A'"+" + l.o.t. 

\m + nj 

(Here, lower order terms are smaller powers of A.) 

Proof. First, it is easy to see that the "solution" zq is "bilinear" in z,z', in 
that Zo{z + r,z' + s) = zq{z, z') + z<^(z^ s) + z<^(r^ z') + ZQ{r, s) for all z, r, z' , s 
central in ilg. It therefore suffices to prove the result for z = A'^,z' = A" 
for some m,n > 0. But then we have 

zxz' -z'xz = A"[A",x]-A™[A",x] 

= A^[{fm{A)h + gm{A))x + 2f^{A)ey] 
-A^[{UA)h + 5n(A))x + 2/„(A)ey] 
= 2'ipey + {hip + r])x, 

where 

^ = A"/„(A) - A™/„(A), 7? = A'^gmiA) - A^gn{A). 

In particular, the top degree and coefficient of ip can be computed from 
Corollary O 

(7) 4) = {2m- 2n)A"'+"-i + l.o.t.. 

By Proposition l2.3l above. zxz'— z'xz = [a, x]+/3x for some central a, /3 G ilg. 
Let us also evaluate A'" 7/ A" - A"yA™. We get 

zyz'-z'yz = A"[A",y] - A™[A",y] 

= A^[{g^{A)-f^{A)h)y + 2f^{A)fx] 

-A™[(5™(A) - UA)h)y + 2/„(A)/x] 
= 2ilj'fx + {r]'-hi;')y, 

where 

iP' = A^fm{A) - A'"/„(A) = 7/;, r?' = A"<7™(A) - A"5n(A) = r?. 

By Proposition 12.31 this equals [a, y] + /3y for the same a, f3 as above. Thus, 

zxz' — z'xz = [q, x] + /3x, zyz' — z'yz = [q, y] + /3y, 

where z,z' G 3(ilg). We now prove that /3 = 0, as desired. Applying the 
anti- involution j to the second of the equations, and noting that j preserves 
z, z' (since it preserves A) and sends y to x, we get 

z'xz — zxz = [x, a] + x/3. 

Comparing with the (negative of the) first equation, we see that 

[x, q] — /3x = [x, q] + x/3. 
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whence we conclude that 

= /3x + x/3 = 2/?x - [/3,x], 

and the uniqueness result in Proposition 12.31 implies /3 = 0, as claimed. 
Hence zxz' — z'xz = [a, x], as desired. 

Moreover, to show the last equation, it suffices by (bi)linearity of zq to 
show that zo(A'^,A") is of the desired form (with ci = C2 = 1). But 
zo(A™, A") = a above, so we need to compute the top degree and coefficient 
of a. This comes from -0 (equation ^) and the "unipotent" change of basis 
from the /„'s to the A"-i's (Corollary USD- Thus, V' = ^^:^fm+n + l-o.t.. 
Now use Proposition 12.31 to get that 

zo(A-, A") = a = 2"^-^^ A-+" + l.o.t.. 
2{m + n) 

D 

As a consequence, we have information about q^ (see equation ([6]) above): 

Corollary 2.3. For any z = cA" + l.o.t., q^ = 2(^^A™+1 + l.o.t.. 

Proof. From equation ([6|), the top term of qz comes from the last two terms, 
since zq = 2:0(2;, A) here. If 2 = cA™ + l.o.t. here, then by Proposition 12.51 
the top term is 

4 4 \m + lj 

and this simplifies to the desired form. D 

This shows us that the center of H^ is nonempty and contains an element 
of the form 

tz = t- -hz - ^z + -Az + -20, 
where zq = 2o(A, [x,y]) as in the above results. 

2.4. Various centralizers and the center. It just remains to prove that 
this element tz generates the whole center of Hz. We do this in steps. First, 
we describe the elements of Hz which commute with various sets. 

Proposition 2.6. 

(1) The centralizer in Hz of Hq is freely generated by A,tz. 

(2) (a) The centralizer of e (i.e., the set of 5I2 -maximal vectors) in Hz 

is the subalgebra generated by A,tz,e,x. 
(b) The centralizer of e and x (together) in Hz is freely generated 
by tz,e,x. 

(3) The centralizer ofV in H (for z = 0) is freely generated by t, x, y. 

Using the anti- involution j, we get similar results involving f,y. 
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Proof. In all but the last part, it is enough to show that the prescribed 
elements generate the centralizer (call it B for this paragraph and the next) 
in H (i.e., when z = 0). This is because all "claimed generators" (A, tz, e, x) 
in H have lifts to Hz, and any b G B has a principal symbol in H, a lift of 
which can be subtracted from b to get b' E B oi "smaller filtration degree" 
in V. Now proceed by induction. 

Moreover, that the prescribed elements freely generate B C Hz (except 
possibly for i7|) would follow from the corresponding statement for z = 0, 
since any relation among the lifts in Hz gives a relation in H. Let us start 
by showing that various elements are algebraically independent in H. 

We first note that t = to, A are algebraically independent in H, for if 
Y^ ttijfA^ = 0, then checking the coefficients of x, y (via ([8]) below) gives 
the result. 

Next, we claim that t,e,x are algebraically independent in H. Indeed, if 
Yl o.q,r,se'^t^ x^ = 0, then consider the highest power of y that occurs (i.e., 2r 
for the highest r); then for this r, consider the highest power of e. Now for 
these, the highest power of x must have coefficient Ugrs = 0. 

Finally, t, x, y are algebraically independent, for if ^ aqrsf^x^y^ = 0, then 
writing this element in terms of the ordered PBW-basis (e, /, /i, x, y), we can 
conclude that Uqrs = 0. 

(1) By passing to the associated graded, it is enough to show the propo- 
sition for z = 0; thus, we assume that Hz = H. 

Let a be an element in H which is in the centralizer of il§; without 
loss of generality, we may assume a to be a weight vector for ad h 
and to be homogeneous in x and y, by decomposing it into such 
components (since adg preserves this grading degree). 

Writing a as a polynomial in the PBW basis above, let n be the 
smallest power of x appearing in this polynomial. Thus, a = 6x" for 
some b G H. 

Since H is an integral domain, and a, x commute with e, so does 
6, by the "dividing trick" ([3]). Since [h,a] = 0, hence a is in the 
weight space, whence the weight of b is —n. But no maximal vectors 
in H may have a negative weight (by s[2-theory and Lemma 12. 2p . 
whence n = 0. 

Now let us look at the monomial term of a with the highest power 
of y. Since a is not divisible by x and is homogeneous, this term 
must be of the form cy™", for some c G ilg. We claim that [e, c] = 0. 
This is because [e, a] = 0, and upon applying ad e, the power of x 
in a monomial cannot decrease, and the power of y cannot increase. 
So we have 

0=[e,a] = [e,c]y™ + c[e,y'"] + [e,...], 

and the only monomial with no x's and m y's in it, is [e, cjy™". 

We thus get that c is maximal in ilg, of weight m. Thus m is 
even, and c is of the form e™'^a for some central a, by Lemma 12.31 
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Let US now consider a — at"^'"^ . By ([8]) below, the monomials in 
either term of highest y-degree, are ae^''^y"^. Therefore a — af^'"^ 
has highest power of y (without any power of x) in a monomial, 
strictly less than m. Arguing inductively, we get down to when 
m = 0, leaving us with a vector in ilg. This commutes with itg, so 
it is central in ilg, and we are done. 

(2) Once again, we may assume that z = 0. Let a be a weight vector that 
commutes with e; we may assume that it is also homogeneous (in V , 
say of degree k, on which we will do induction) and not divisible by x 
from the right (by the "dividing trick" ([3]) ) . Hence it may be written 
as a = X]o<i<fc '^«y*^'^~*' where q G ilg Vi (and Cfc 7^ 0). Moreover, 
[e, a] = yields: Cj = — [e,Cj_i/i], whence Cj = (ad(— e))*(co)/i!. In 
particular, cq / as well. 

Now consider c^; we claim that c^ is g-maximal too, since [e,Cfc] 
is the coefficient of y^ in [e,a]. By Lemma |2.3| c^ = ae" (since a is 
a weight vector), with a G 3(ilg)- 

(a) We now prove this part by induction on k. The base case of 
A; = follows from Lemma 12.31 Now continue with the above 
analysis. Note that ae" E ilg is s[2-niaximal of weight 2n, 
whence (-1)*^/^! • (ade)'^(co) = ae" ^ (ade)^"+^(ilg). In par- 
ticular, k < 2n, whence n > \k/2\ . We now have two cases: 

• If fe is even, we define b := a — ae^~^^l'^H^I'^ . 

• If A; is odd, we use [A,x] = (up to scaling) [4/e + /i^ + 
2/i, x] = 4ey + Ihx — x. In this case, we define 

In both cases, 6 G ff • x by ([SD below, and by the "dividing 
trick" ([3]), the quotient is a weight vector with smaller degree 
of homogeneity (in V), so we are done by induction. 

(b) We continue from where we had stopped before the previous 
sub-part. Now suppose that a commutes with x as well. Then 
ay = 0, where [a, x] = axX + ayy (looking at the coefficient 
of y^^^)- But by Proposition 12.21 this can only happen if a is 
a constant; let us suppose it is 1. Thus, we have Ck = e^ = 
{—l)/k\ ■ (ade) Co, whence cq has weight 2(n — k). 

Next, note that if [cq, x] = rx + sy with r,s G ilg, then r = by 
considering the coefficient of x^^ in [a, x] = 0. Now suppose 
that we write cq = Ylii^^~^^^ f^Pii^) f°^ polynomials pi. We 
claim that the piS are constant, for otherwise 

[co,x] = 5;e"-'=+^(ir-^yp.(/i) + rb^(/^),x]) 

i 

= Y, e"~^+^ {if-^Piih + l)y + np^ih) -p,{h- l))x) , 
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and this is not in ilg • y as claimed above. 

Thus, we have cq = X]j=o'^*^"~'^'''*/*' ^^y- Now consider a 

general situation in il(sl2): repeatedly applying ade to /* for 

any i can only lead to e^ (up to a scalar) if j = z; and then 

ade(e*) = 0. On the other hand, if (ade)^*(/*) S k^ ■ e*, then 

(adey(/*) is not a power of e if j < 2i (else {a.dey^^{p) = 0), 

and vanishes if j > 2i. 

Thus, if we now consider the "last" suniniand in cq, (ad e)^ must 

send /^ to e^~^ , in order that we get ^'"■-^+n+^-n = g". But 

then k = 2N, and we get that 

CO = «./2e"-'=/V'=/^ + • • • + aoe- V° 

and Cj = ad(— e)*(co)/i! is also divisible by e"~^ for all i. Hence 
taking e"~ common on the left, we get that 

a = e^-^ (e^y'' + ■■■ + {ak/2e^'^ f""'^ + • • • + a^)x^ 

In particular, by the "dividing trick" ([3]), the terms in the paren- 
theses commute with e, x. We can divide by e"^ and then 
subtract e^/'^t^/'^. 

Now note (as an aside) that t = ey^ + {hy + fx)x, so that 
t^ — (ey^)" £ H ■ X Vn. It is also easy to check that {ey'^)^ — 
^ny2n £ f{ . X (e.g., by induction on n). Thus, 

(8) i" - e"y2" eH-xyn. 

In particular, e^l'^t^l'^ — e^y^ £ H ■ x. Using the "dividing 
trick" ([3]), dividing this by x yields a maximal vector a' that 
commutes with e, x, is a weight vector, and is homogeneous of 
smaller degree than k, whence we are done by induction. 
It remains to check the base case; but A: = would mean the 
centralizer of e, x in ilg, and by Lemma 12.31 and properties of 
[A'^,a;], the only such elements are polynomials in e. 

(3) Since both sides of the desired equality are (ad)g-submodules of H 
(and H is Su direct sum of finite-dimensional g-modules by Corollary 
12. ip . it would suffice to show that any g-maximal vector from H 
belongs to 3(-ff)Symy. By the previous part, this consists of the 
y-centralizer of //i^'^j = k\t,e,x\. Since t,x are in this centralizer, 
say '^if'i{t^x)e'^ commutes with y. Thus, 



y^ri{t,x)ie^ c 



Y.^'iit, 



x)e ,y 







and by the algebraic independence of t, e, x, we are done. 

D 

We can finally conclude the proof of the first part of Theorem 12. II above. 
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Proof of the first part. Let a be a central element of Hz- In particular, it 
commutes with g, so by Proposition 12.61 it can be written as a polynomial 
in tz with coefficients in 3(ng). Let nt^ be a monomial of top degree. 
Since [x, a] = 0, passing to the associated graded ring (with respect to the 
filtration), we get that [x, k] = 0. 

By Corollary 12.21 above, k is a scalar; so we may disregard the top term 
of a. Continuing by induction, we see that all coefficients of a are scalars. 
Hence the center of Hz is generated by tz , and it is transcendental over k if 
t is transcendental in H = Hq. But this follows by the PBW property. D 

We conclude our discussion of the center by giving an explicit formula for 
the central element when z is (at most) linear. Suppose [x, y] = aA + b for 
scalars o, b. We therefore want to produce zq central in 11(512), such that 

[zo, x] = Ax{aA + b) - {aA + b)xA = b{Ax - xA) = b[A, x]. 

Therefore zq = bA works, and we have the central element 

t'^ = ey^ + hxy - fx"^ - -h{aA + b) + j{A{aA + b) - (aA + 6) + bA). 

Removing the scalar —56/4, we get the desired generating central element 
to be (up to adding a scalar) 

tz = ey"^ + hxy - fx^ - -h{aA + 6) + -{aA^ + (26 - a)A). 

3. Derivations and commutator quotient 

3.1. Derivations. We now compute the space of derivations. Note that if 
Z? is a derivation of H, then we may assume, modulo an inner derivation, 
that it vanishes on ilg, since g is simple. Thus, D \s a, g-module map, so 
D{x) is a maximal vector of weight 1. By Proposition 12.61 it is of the form 

D{x) = ^ bi{tz)ri + Ci{tz)si, 

i>0 

where rj := A^x, Si := [A*,x] Vi. But since we can rewrite the sum of half 
of these terms as 



'^Ciitz)si = y^^Ci{tz)[A\x] 



^c^{tz)A\'. 



hence by subtracting another inner derivation, we may assume that D{x) = 
X^i 6j(tz)A* • x. (Note that this change does not affect the fact that D = Q 
on ilg.) Let us also denote ^^ bi{tz)A^ by u. 

We now compute D{y): we claim that D{y) = uoy. To see this, apply D 
to the relation [e,y] = x. Then 

[e,D{y)]=D{x) = Y,h{U)A'-x, 
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whence it is easy to see that [e, D{y) — ujy] = 0. Since D is now a g-module 
map, hence D{y), and thus D{y) — ujy, are both weight vectors of weight —1. 
But the last is also maximal, from above. Hence it vanishes, i.e., D(y) = ojy. 
We also carry out a key computation, that we shall need later. Recall the 
polynomials fn,gn that came up while computing [A",x]. 

Lemma 3.1. For all n, we have 

[A",x]y - [A",y]x = 2/„(A)(ey2 + hxy - fx^ - ^hz) + gn{A)z. 
Proof. In what follows, we omit the (A), and refer to the polynomials merely 

'^^ In ) dn ■ 

[A",x]y- [A",y]x = [2/„ey + (/„/i + 5„)x]y - [2/„/x + (5„ - /„/i)y]x 

= fnC^ey^ + h{xy + yx) - 2/x^) + gn{xy - yx) 

= fn{2ey^ + h{2xy - z) - 2fx^) + gnZ, 
and hence we are done. D 

We are now ready to finish the proof of the second part of Theorem 12.11 

Proposition 3.1. If z = (and H = Hq), then Der{H) / Inn{H) is a rank 
one free module over the center of H . 

Proof Recah that D{x) = ux, D{y) = ujy and uj = ^ibi{t)A\ We first 
claim that 6j(t) = for i > 0. Indeed, note that 

Dixy) = ^h{t)iA'xy + xA'y) = ^biit)i2A'xy-[A\x]y), 

i i 

D{yx) = Y,h{t){A'yx + yA'x) = Y,h{t){2A'yx-[A\y]x) 

i i 

and since xy = yx, hence one of the summands cancels throughout, to 
give: [u},x]y = [u},y]x. Rewriting to into another different summation for 
convenience, we get an equation of the form 



m 
4=0 i=0 



'f[h,iA),x]y = J2i%i^)^y]^- 



Let m be the highest index such that hjn{A) is not a constant. We claim 
that this equation can not hold if m > 0, since if we look at the coefficient of 
y2m+2^ then the coefficient on the left side is nonzero, whereas on the right 
side it is zero. This is a contradiction. 

Thus we get uj = b{t) £ 3(-f^), and D{x) = ujx. We now know the values 
of D on generators, so using the Leibnitz rule, we can now compute this 
map on all of H. Let us denote this map by D^. Since we have the PBW 
property (i.e., that il(0 x F) = ilg SymF as vector spaces), we observe 
that the map D^ is given by 

D^{-) =noj--, on itg ® Sym" F Vn > 0. 
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Moreover, it is not hard to verify that this defines a derivation, using the 
PBW property again. 

Finahy, we verify that the map : 3(-f^) — ^ Der(H)/Inn{H), sending u i— )• 
Di^, is a vector space isomorphism, by looking at D^{x), say (to verify linear 
independence). Hence H\H,H) = Der{H)/Inn{H) ^ ^{H) as ^{H)- 
modules, if [x, y] = 0. D 

Finally, we have the following proposition. 

Proposition 3.2. If z ^ 0, then every derivation of H^ is inner. 

Proof. Note again that since we are working modulo Inn{Hz), so that given 
a derivation D, we assume D kills ilg and D(x) = ux, D{y) = ojy as above. 

Let us write D{x) = t'^hm{^)x + J2o<i<m^l^i(^)^- ^^ ^^ ^^^ P^^^ *° 
the associated graded algebra gr Hz (under the usual filtration that assigns 
V degree 1 and g degree 0), then we get a derivation of gr H^ = ii{g k V), 
that sends x to t'^h„i{/S)x. By the previous case, we may assume without 
loss of generality that hm = 1- 

Similarly, D{y) = t™y + Ya=q tlhi{A)y. Applying D to z, we get 

= D{z) = [Dx, y] + [x, Dy] = [ux, y] + [x, toy] 
= '^(^[x,y] + [u:,y]x -[uj,x]y. 
We rearrange this to get 

2ojz = [uj, x]y — [lo, y]x. 
Let us rewrite w = Yli hitz)^^- Then using Lemma IXTj we get 
2u;z = Y,b,itz)i[A\y]x-[A\x]y) 



Y,h{t.) (2/,(A)(t - hiz)+g,{A)z^ . 



1 1 

Also note, that tz = {t — -hz) + t(Az — z + zq), where [zq^x] = z[lS.,x\ 

A[z,x\. Hence we rewrite the above equation as 

(9) 2WZ = 2Y,h{tz) (f:{A){tz - \{AZ -Z + Zo)) + \g^{A)z 

i ^ 

Now look at the highest power of tz (or of y) in the equation, and say the 
corresponding summand on the left side is t" ^ • PjA^ , with f3j G k. Then 
the corresponding expression on the right side yields 

CE/5^- (M^)(tz - liAz - z + zo)) + lgj{A)z\ . 
j 
Now note that there is an extra power of tz in this latter expression. 
Therefore if we look at the highest power of y that occurs in the right side 
of equation Q, namely y^""^^, then its coefficient must be zero (since the 
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corresponding coefficient on the left side is zero). Since tz is central, this 
means that ^ ■ l3jfj{A) = 0. But the //s form a basis of the center of ilg. 
Hence (3j = for all j, whence uj must equal zero too. We conclude that 
D(x) = D{y) = D{q) = 0, and so D = modulo Inn{Hz), as claimed. D 

This concludes the proof of Theorem 12.11 

3.2. Commutator quotient. Next, we would like to determine the com- 
mutator quotient (or abelianization) Hz/[Hz,Hz] as a module over the center 
of Hz- At first, let us consider the case z = 0. 

Proposition 3.3. The natural map from 3(il5) to H/[H,H] is an isomor- 
phism, and the action of the center of H on its com,m,utator quotient is 
trivial. 

We need a small lemma for this, which is also used later. 

Lemma 3.2. Inside any Hz, we have ilg • V = [ilg,^]. More precisely, in 
terms of the standard filtration on ilg, F^ilg • V = [F^^^ilg, V\ Vn > 0. 

Proof. The second statement (for all n) implies the first; we will show both 
inclusions for the latter claim. One way is easy: [F"''''^ilg, y] C -F"ilg • V 
using induction on n. 

For the other inclusion, we proceed by induction on n. Let a G -F"iXg; we 
want to show that a^V ^ {F'^~^'^'dQ,V\. When n = 0, we are done since 
[S) ^] = ^) so it suffices to show that 

a ® x G [F^+^Hg, V] mod F"~^ilg V. 



But we have 



[h'\x\ = nW^x mod F'^-iilg O F, 

[/i",y] = -nh^'-^y modF^^^Ug^y, 

[/",a;] = nf'^y mod F^-^Hg F, 

[e",y] = ne"-ix mod F^-^ilg ® F, 



so 



[e'h^f'',x] = je'h^-^f^x + ke'h^f^-^y mod F"-^ilg F, 

[e*/^V^y] = ie'-^h^f^x-je'h^-^f^y mod F^^-^ilg F. 

Now assume without loss of generality that a = e^h^ f , with i+j + k = n. 
Then 

a®x = ^— [e^/l•'■+V^x] —e^W+^f^-^y mod F^-^ilg y, 

j + 1^ ^ J + 1 " 

a®y = -^^[e'h^+^f\y] + —^e'^^h^+^f^x mod F"'^Hg(^V. 

J + 1 i + 1 

We thus repeatedly (alternately) apply these two identities to assume that 
either i ox k becomes zero (in q). Applying (possibly both of) them once 
more, we are done. D 
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Proof of Proposition [Qi Since H = il(s k V), from the relation between 
Lie algebra homology and Hochschild homology, we get that 

(10) H/[H,H] = H/[H,Q X y] = {H/[H,V])S. 

We now claim that H/[H,V] = llg, which would imply that H/[H,H] = 
(iXg)^ = 3(ii0), as desired. Indeed, obviously ilg injects into H/[H,V], so 
we just need to demonstrate that HV C [H, V]. 

Clearly, [H, V] is a right module over SymF, so it suffices to show that 
[ilg, V] D ilg (8) V. But this was shown in Lemma 13.21 above. 

Now, since the generating central element of H lies in HV'^{c [H, V]), it 
must act trivially on H/ [H, H] , which concludes the proof. D 

Corollary 3.1. For any z, 3(il0) — H0/[ilg,iX0] surjects onto Hz/[Hz,Hz\. 
Every X G F'^ilg is equivalent to some X' G F^ilg n 3(iig) modulo [!dQ,ilg] 
or[H,,H,]. 

Proof. We make many statements here. The first equality comes from the 
fact that ilg is a direct sum of finite-dimensional s[2-modules (e.g., by Lemma 
I2.2l with V = i}' = 0), whence the images of ad e and ad / span a complement 
to the center (using weight vectors). Moreover, no polynomial in the Casimir 
is in the commutator, since one can always find a finite-dimensional ilg- 
module on which it has nonzero trace. 

Now for the surjection: we first claim that ilg surjects onto the abelian- 
ization of H^- Indeed, the main step in showing this is the z = case, which 
is the proposition above: il§ -» 3(il0) — > H/[H,H]. But this implies that 
ilg surjects onto the associated graded of the abelianization of Hz, since 
H/[H,H]^gTiHz/[Hz,Hz]). 

So we just need to show that this can be "lifted" to a surjection as desired. 
Now given a G F"Hz (for the usual filtration on Hz), we can find c G ilg 
and ai,bi G Hz such that the filtration degrees of Oi, hi always add up to at 
most n, and a = c + X^ Joi, &«] in the associated graded, from above. But 
then a — c — YliA'^ii ^i\ ^ F^~^Hz, and we can proceed by induction. 

Finally, ilg ■— )• Hz, so [ilg,ilg] is kihed by the map : ilg -^ Hz/[Hz,Hz\. 
Hence 3 (ilg) surjects onto Hz/[Hz, Hz]. 

Next, we show the last statement. Consider the finite-dimensional ilg- 
submodule M^ := F"ilg C ilg, and its submodule [g,M„] C M^. Clearly, 
Mn/[Q, Mn] surjects onto the image of M„ modulo [ilg, ilg] or [Hz, Hz]; on the 
other hand, M„/[g, M„] is isomorphic to 3(ilg)nM„ by complete reducibility. 
We are done. D 

Thus we need to compute the kernel (which obviously contains at least z). 

As an aside, we note that equation (fTOl) holds for general z: 

Lemma 3.3. H,/[Hz,Hz] = {Hz/[Hz,V])^ . 

Proof. Consider the following sequence of ff^-bimodules: 

H^®{V ®q)®H^^Hz®Hz^ H^^Q 
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where the last map is the niultiphcation map, and the first map is given by 
w I—;- l^tt; — tt;(S'lfor any w £ V (B Q. We claim that this sequence 
is right exact. Indeed, we only need to verify exactness of the middle 
term. But all terms of this sequence are naturally filtered, and after pass- 
ing to the associated graded picture, we will get an analogous sequence for 
H = 11(0 K V), for which the sequence is well known to be exact. But 
since Hz/[Hz,Hz] = TorQ{Hz,Hz) in the category of i^^-bimodules, after 
tensoring our sequence with H^ we get that 

and we are done. D 

We finally have the following theorem. 

Theorem 3.1. Let the parameter z be nonzero, say z = cA™ + Let.. If 
m = (i.e., z is a constant), then the commutator quotient of H^ is trivial. 
Otherwise, ifdegz = m > 1, then 1,A, ...,A™^^ are linearly independent 
in Hz/[Hz,Hz], and generate it as a module over the center of Hz. (In 
particular, {Hz/[IIz, IIz])/{tz) is a vector space of dimension m over k.) 

An important first step in showing this, is the following proposition. 

Proposition 3.4. For all a,b > 0, t"A equals a (nonzero) polynomial in 
A of degree a{m + 1) + b, modulo [Hz, Hz]. 

Proof. The case a = is obvious; we will show the a = 1 case below. 
The case of higher a is then proved by induction on a: for a fixed b, if 

t^A^ -p,5(A) = EJn,s.] G [Hz, Hz], then 

^a+l^b ^ tzPabi^) + tz ^[n, Si] = tzPabi^) + ^[^zTi, Si] 

i i 

and tzPabi^) can be rewritten appropriately, using the a = 1 statement (for 
various b). 

It remains to show the hypothesis for a = 1 and all b. In the rest of the 
proof, we will use the following result several times. 

Lemma 3.4. 

(1) Let d = [a,x] + [/3,y], with a,f3 £ itg. Then modulo [Hz, Hz], dx = 
—/Sz, dy = az. 

(2) For any z' G 3(il0), z'ey = z'hxy = —z'fx mod [Hz, Hz]. 

Proof. 

(1) We have dx = [ax, x] + [/3x, y] — fiz, and dy = [ay, x] + [I3y, y] + az. 
Both claims now follow. 

(2) Note that [/, z'exy] = — z'hxy +z'ey'^, which proves the first equality; 
for the second, apply the anti-involution j. We note that j fixes the 
Casimir element, and hence the whole center. Applying j to the 
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above equation, —xyhz' — x'^fz' = A ^ [Hz,Hz], say. Hence we 
make the following reductions: 

-z'fx'^ = -fz'x'^ = -x^fz' + [x'^,fz'] = [x'^,fz'] + A + xyhz', 
xyhz' = zxyh + [xyh, z'\ = z'hxy + [xyh, z'] (since xy has weight 0). 

Thus, —z'fx^ = z'hxy mod [ff^,-?/^], as claimed. 

D 

We now prove the result for t^A" (n > 0). Since t^ = (ey^ + hxy — fx"^) — 
-hz — Qz (see equation ([6])), and since hz = [e,fz] £ [q,Hz], we have 

(11) tzA^ = A^tz = A^{3hxy-qz) mod [Hz,Hz]. 

By Lemma [321 A'^hx e ilg-V = [ilg, V] is of the form [a„, x] + [bn,y] for 
some a„,6„ S ilg. By Corollarv 13.11 we may assume that an,bn G 3(^0) n 
F ilg (modulo the commutator). By Lemmma 13.41 3A"/ixy = 3a„z 
mod [Hz, Hz]. 

We thus have to prove (using equation (fTTI) ) that 3a„2; — A"^^ is a poly- 
nomial of degree n + m + 1 in A. In light of Corollary 12.31 it suffices to 
show that a„ is a polynomial of degree n + 1 with positive (rational) top 
coefficient (in fact, it turns out to be 1/6 (n + 1)). 

To do this, consider the formula for [A", x], which yields: /„ • {hx + 2ey) = 
[A", x] —QriX. Again using Lemma [3?2l and Corollary l3.1l write QnX = [c„, x]-|- 
[c^,y] for Cn^c'j^ polynomials in A. Moreover, since deg((7„(T)) = n — 1, 
Cn, c^ G ^^""-"^110; thus, deg(c„) < n (as a polynomial in A). 

But then Lemma 13.41 implies that on the one hand, 

fn{hx + 2ey)y = fn{hxy + 2ey^) = /„(3/ixy) mod [Hz, Hz] 

and on the other (modulo the commutator), 

fn{hx + 2ey)y = (A" - c„)z = cA™+" + l.o.t.. 

We thus get: fn{3hxy) = cA™'+" + l.o.t. for all n. Using the "unipotent" 
(with positive coefficient l/(2n)) change of basis from /„ to A", we get 

A"(3/ixy) = (^^/n+i + "/.o.t.") i^hxy) = ^-^A-+"+i + l.o.t. 

where H.o.t?^ stands for "lower-degree" /j's. Now compare this to what we 
had above: 

A"(3/ixy) = 3a„z = a„(3cA'" + l.o.t.), 

and we are done. D 

Proof of TheoremlEJi First of all we have [Hz, Hz]niiQ <^ z ■ !dQ + [it0,il0] 
(since any time the filtration degree in x,y goes down in a commutator ex- 
pression, a multiple of z appears). Since il0/(il0 n [Hz, Hz]) C Hz/[Hz, Hz], 
and iXg/ {iign [Hz, Hz]) surjects onto il0/(2; -110 -F [il0,il0]) = '5{iiQ)/z-'5{ilg), 
hence the elements 1, ..., A™^^ are linearly independent in Hz/[Hz, Hz]. 
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It remains to show that the following elements span Hz/[Hz,Hz] - or in 
light of Corollary [3m the center of ilg: {t"A'' : a > 0, < 6 < m}. We now 
show that all A" lie in this span, modulo [Hz, Hz]. Clearly, 1, . . . , A™^^ as 
well as A*" = {l/c)z — l.o.t. are in this span, since z/c = [x/c,y\. Next, 
A™+-^, . . . , A^™ are in the span: just consider t^, t^A, . . . , t^A™"^. As for 
A^^+i, we have 

similar to above. Keep repeating this procedure. D 

We expect that a stronger statement is true: namely, that the commutator 
quotient is actually a free module over the center, with basis 1, A, ... , A™'"^. 
This would imply (via Hochschild cohomology considerations) that the alge- 
bras Hz^/{tz^ —a),Hz2/itz2 —b) are not Morita equivalent if degzi 7^ deg2;2; 
where a,b £ k. 

4. Infinitesimal Hecke algebra of qI^ 



n 



We now recall the definition of an infinitesimal Hecke algebra of g = gl, 
and V = f) © f)*, where i) = k" and f)* is its dual representation. We (again) 
identify g with g* via the pairing g x g — t- fc : {A, B) 1— t- Tt{AB), and identify 
ilg with Symg via the symmetrization map. 

Then for any xGf)*, yGf), ^Gg, one writes 

(x, (1 - TA)-^y) det(l - TA)-^ = ro(x, y){A) + n{x, y){A)T + ... 

where ri{x,y) is a polynomial function on g, for all i. 

Now for each polynomial /? = /?o + /3iT + /32r^ + • • • G k[T], the authors 
define in [EGGj the algebra ff/3 as a quotient of T{[} ® f)*) xi ilg by the 
relations 

[x,x'] = 0, [y,y']=0, [y,x]= /3oro{x,y) + l3iri{x,y) + ... 

for all x,x' G fl*, y,y' & f). It is proved in [EGGJ that these algebras are 
infinitesimal Hecke algebras. Also note that if /3 = 0, then Hq = il(g[„ x 

(f)©r)). 

4.1. Relations and anti-involution. We start with an explicit presenta- 
tion of Hjj: it is generated by g[„ = ^H kcij and i) = ^H kvi, I)* = ^H kv*, 

i,j i i 

where {vi}, {v*} form dual bases of f), \f respectively. We have the relations: 

eij ■ Vk ■■= 5jkVi, eij ■ vl := -6ikV* , v*{vj) = 6ij. 

We next describe an anti-involution of Hp, for (at most) linear f3. Suppose 
we have j sending e^ -f-)- fa and /i •<->■ /i for all positive simple roots a for 
a reductive Lie algebra g (and Cartan subalgebra elements h). One then 
checks that this gives an anti- involution j of g (and hence of ilg). 

Now let g = g[„; then j(X) = X in g. We now mention the anti- 
involution. 
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Lemma 4.1. The map j : {X, Vi) o {X , —v*) extends to an anti-involution 
of Hq k r(f} © [)*). Moreover, j factors to an anti-involution of Hp when /3 
is at most linear. 

Proof. For the first part, we only need to check that j preserves (actually, 
permutes) the following relations: 

[cjj, efci] = 5kjeii - 6iiekj, [eij,Vk] = SjkVi, [eji, vl] = -djkv* \/i,j, k, I. 

This is easy to do. Next, for Hjs with /3 at most linear, we refer to |EGGl 
Examples 4.6, 4.7]; thus, Hjs is the quotient of the above algebra, by the 
relations 

[vi, Vj] = [v*,v*] = 0, [vi,v*] = dij{f3o + /3ir) + Pidj \/iJ, 

where r = Id„ € gl^. That j preserves these relations, is is also easy to 
verify. D 

4.2. Central elements. We now mention discuss central elements for vari- 
ous /3 (and general n). We first have a result for /3 = 0, which can be verified 
using a strategy similar to the proof of Proposition 12.11 

Proposition 4.1. The center of Hq{q\^) contains at least two algebraically 
independent elements, both fixed by j: 

n 
Tn ■■= '^ViV*, Sn ■= ^ {epgVqV* + CgpUpV*) - {eppVgV* + eqqVpV*) . D 

Next, we prove that in general, Hjs (over g[„) has nontrivial center, by 
providing a lift r^ of r„; clearly, r^ is transcendental in Hj^ since r„ is thus 
in Hq. 

Proposition 4.2. For any n, j3, Hp contains the central element rp := h + r 
(which is transcendental in Hp). 

Here, r = Id„, and h is the Euler element in jEGG|. §5.2], given by 

'^ = l^ViVi + -+C, 

i 

where c G 0{G)* is defined via the following equation (see |EGGl §3.4]), 
with t £ k: 

k{x, y) := [x, y] = {y, x)t + (y, (1 - g)x)c, for all x e f)*, y G f). 

Proof. (Note that k is algebraically closed, of characteristic zero.) As men- 
tioned in |EGGl §4.1], the infinitesimal Hecke algebra Hp only exists when 
im(K) C ilg; thus, fxy ■ c £ ilg for all f^y := (y, (1 - g)x) £ 0{G) (with 
a; G t)*,y G f)). By the Nullstellensatz, c G ilg, so h G X^j^ii'* + Hg now; 
therefore r^ is indeed a lift of r„ to Hp. That it is central follows from 
[EGGj Proposition 5.3], and because h, r commute with g[„. D 
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5. Category O for Infinitesimal Hecke algebras 

At first, let us discuss an analogue of the BGG category O, for a class of 
algebras equipped with the following structure: 

Let ^ D A: be an associative algebra, endowed with the following addi- 
tional structure: 

• A has an increasing filtration by /c-subspaces F"'A, n > 0, that satisfy 
F"-A ■ F'^A C F"+"^A; 

• There are three finite-dimensional A;-subspaces n^,n^,f) C FA, 
such that n+ -F n" + f) = n+ e n" e f). 

From these data we require that 

• yl is generated as an algebra over /c by n^ © n~ © f) ; each summand 
is a Lie (sub) algebra, and 

[ll,f)]=0, [f),n+]=n+, [f),n-]=n-. 

• There is a (fixed) subspace f)o C f), and both n^ and n^ are di- 
agonally acted upon by the adjoint action of P), and the eigenval- 
ues occurring in these decompositions have images in opposite non- 
intersecting cones in f)o(*^ f)*)- 

• The multiplication map : i?i © i?2 tX" -B3 — )• gT{F* A) is a vector 
space isomorphism, where {i?i, ^2,-63} = {itn~,iln'*', Sym(f))} (i.e., 
in every possible order). Moreover, Symf) d F A. 

• In addition, we require that gs:{F*A) is equipped with a filtration 
consisting of finite-dimensional subspaces G" (n > 0), such that 
n"'"©n~©f)©A; = G"^ gi'(^), and gr(gr(F*A)) is a polynomial algebra, 
i.e., Sym(n''' © n~ © f)) — )• gr(gr(F*yl)) is an isomorphism. 

Moreover, if ^ is such an algebra, then so are gT{F* A) and gr(G*(gr(F*A))). 

Of course, the main examples we have in mind are infinitesimal Hecke 
algebras (the axiomatics of category O in more general settings is considered 
in |Kh2j ) . The axiom about f)o C f) is needed (later) for technical purposes: 
though we can choose f)o = f) for Hz (over s[2), we need to choose \]q = kh CL 
I) = kh (B kr in Hp (for 0[2). Moreover, for infinitesimal Hecke algebras, we 
clearly have g-£{F*Hp) = Hq = il(g x V) and gi{G'Ho) = Sym(3 © V). 

We now mimic some standard definitions. 

Definition 5.1. 

(1) The category O for the algebra A (as above), denoted by Oa, is 
the full subcategory of finitely generated left ^-modules, defined by: 
M G Oa if and only if n^ acts locally nilpotently on M, and \) acts 
on it diagonalizably with finite-dimensional eigenspaces. That is, 
^ = 0. 6 h* ^^> with dimM^ < 00 Vx- 

(2) An element u G M is said to be a maximal vector if it is an eigen- 
vector for the f)-action, and n'''t; = 0. 
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(3) (Definition-proposition.) Let x £ ^*- Then there exists an object 
M(x) G Oa, characterized by the following uniqueness property: 
M{x)^ = k, and if f G M{x)^, then for every pair vi, Mi with vi G 
M^ a maximal vector, there exists a unique / G Hom/i(M(x), Mi) 
such that f{v) = vi. Such a module M(x) is called a Verma module 
for the weight x- 

Proof. Let A^ be the subalgebra of A generated by f) © n~; then 
there exists x '■ ^- ~^ ^) such that x\h = X-, x('^ ) = 0- Indeed, 
we just need to check that f} n \C A^ = 0, which is immediate from 
weight space theory. But then, k turns into a left ^--module (which 
will be denoted by k^). 

Now define M(x) := A ©a^ ^x- ^^ ^^ clear that this module lies 
in Oa and t; = 1 (8) 1 is a maximal nonzero vector of weight x- If 
vi G M^ is a maximal vector in an ^4- module (M), then we have a 
map of ^_-modules f : ky. ^ M such that /(I) = vi. Hence we get 
/ <XiA_ Id : A ©A- ^x ~^ ^ (XiA- Af — 7- M, such that f maps to vi; 
obviously this map is unique. D 

We have the following standard 

Proposition 5.1. For any x G f)*, M{x) has a unique maximal subobject 
and irreducible quotient (both in Oa); call the latter V{x)- Then every 
irreducible object in Oa is of the form V{x) for some x G f}*. 

Proof. If y C M{x) is a proper subobject, then V^ = 0. Hence the sum of 
all proper subobjects of M(x) is still a proper submodule, which proves the 
first assertion. Now if V is an irreducible object, then it must have a maximal 
vector V G V^ for some x- Hence Hom(M(x), y) / 0, so F = V{x)- □ 

As is usual in representation theory, one would like to study (irreducible) 
finite-dimensional representations, compute the multiplicity of V{x) in M{jj,) 
(for all X)^ G f)*), and so on. One has the usual spectral decomposition 
of Oa with respect to its center: Oa = ©<j,(=q ccC^M)) ^'^' '^^^^^ ^"^ i^ 
the full subcategory consisting of objects on which (j){t) — t acts locally 
nilpotently for any t G 3(^)- In particular, we have a Harish-Chandra map 
r/ : f}* -^ Spec3(^)- 

Let us compare Oa and O^^tA)- If M G Oa, let y C M be a finite- 
dimensional vector space generating M over A. Then M has the usual 
increasing filtration: F^M := {F^A)V, which makes gr(M) a gr(^)-module 
(note that this construction depends on our choice of V). 

Moreover, gr(M) belongs to Ogj.(A), and chc)^(M) = ch(gr(M)) (where 
ch(M) := X^ p r*(dim(M^)x) is the character of an t)-semisimple module). 
Hence we see that Ogr(A) provides an "upper bound" for Oa (i-e., gr(M) G 
Ogr(A) VM G Oa). 
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We also remark that if we start with a Verma module M(A) and V = k-v\ 
(the highest weight space in it), then we will get a Verma module gr(M(A)) 
over gr(A) of weight A. In particular, 

(12) gr(Ann(M(A))) C Ann(gr(M(A))). 
This fact is used in the section about primitive ideals. 

In the remaining part of this section, we focus on the category O for 
A = Hz (which does fit into the above setup). This category was studied 
in great detail in [Kh_ . We now reinterpret some of those results using the 
center of Hz- We have O = @x£k ^^' where {t^ — A) acts nilpotently on O^ 
(though as we see presently, C? = 0° if z = 0). 

At first, let us compute the action of tz on M(A). We have 

{ey^ + hxy - fx^ - -hz - qz)vx 
= (y^e + 2yx + z + hyx + hz - -hz - qz)vx = ((1 + -h)z - qz)vx 
^A + l\ z{X^ + 2A)^A - qz{>? + 2\)vx. 
Let us denote by 4'z{t) the following polynomial in k\i\: 

(13) ^z{t) = Qt + l\ z{e + 2t) - qz{t^ + 2t), 

where as usual, we treat z as a polynomial of A (note that (l)o{t) = 0). As 
a corollary, V{X) £ C"^ only if (pz{X) = fJ^- 

Now suppose z ^ 0. Then the degree of (pzit) equals 2(deg(z) + 1), and 
the multiplicity of V{X) in M is at most dirufc M . Hence all Verma modules 
- and thus, all objects in category O - have finite length. 

Moreover, every central character of Hz is of the form Xfj, ■ tz '-^ fJ- ^ k, 
and since k is algebraically closed, and degcpz > 0, we can find A £ fc such 
that (/>z(A) = /i. To summarize, we get the following result, most of which is 
contained in [Kh], but is proved there by a completely different approach. 

Proposition 5.2. Each module in O^ (for any X) has finite length, and 
V{fi) G O'^ if and only if j-i £ (^~^(A). In particular, the number of non- 
isomorphic irreducible objects in O^ is at most 2(deg(2;) + 1). Furthermore, 
every central character for Hz is associated to some Verma module. 

As an aside, the algebra Hz has the following peculiar property: 

Proposition 5.3. // the parameter z is nonzero, then there are at most 
finitely many non-isomorphic irreducible finite- dimensional Hz-modules. 

Proof. For the proof, we are going to use a theorem proved by Khare in 
[Khj . We need to recall some definitions from there. For any pair of integers 
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r,m, he considers the following expression: 

m-2 

arm = X] (^ + 1 - ^)(^(^ + 1-^)^-1) 
i=0 

(where z{—) is viewed as a polynomial in the Casimir element). Then his 
result ( \Kh\ Theorem 11]) says that V{r) is finite-dimensional if and only if 
there exists a nonnegative integer s < r such that ar,r-s+2 = 0. 

Let us explain why this can not happen as long as z ^ and r is large 
enough. We may rewrite arm as follows: 

r+l r+2— m 

arm = ^ iz{i^ - 1) - X^ iz{i^ - 1), 

Therefore if we denote '^l=iiz{i'^ — 1) by f(j) (thus / is a polynomial of 
some positive degree), then arm = /(^ + 1) ~ /('^ + 2 — tti). So if V{r) 
is finite-dimensional, then /(r + 1) = f{r + 2 — (r — s + 2)) = f{s) for 
some < s < r. It thus suffices to show that for a nonconstant polynomial 
/ G k[T], the numbers /(I), /(2), . . . are "eventually pairwise distinct"; we 
show this now, in Lemma |5. 11 D 

Lemma 5.1. Suppose f G k[T] is a nonconstant polynomial with coefficients 
in a field of characteristic zero. Then beyond some tq S> (in Q ^^ k), 

f : [ro, oo) n Q — )• fc is injective. 

This result does not generalize (much) more; consider f(T) = T^ evaluated 
at 0,1,-1,2,-2,... inQ. 

Proof. Consider the coefficients cq, . . . , Q G /c of f{T) = co+ciT+- • ■+CdT'^. 
Now choose any Q-basis {hi, . . . , 6^} of the Q-span of the Cj's, and rewrite 
f{T) = fi{T)bi + ••• + fs{T)bs, where /i(T) G Q[T]. Then at least one 
polynomial is nonconstant, say /i (without loss of generality) . 

Now, the absolute value of /i(r) (r G Q) is a strictly increasing function 
of r for r ^ 0, and this proves the result (since the 5j's are Q-linearly 
independent). D 

6. Primitive ideals of H^ 

Let us start with the following definition. 

Definition 6.1. We say that a (unital) A;-algebra A is almost commutative 
(of order 1) if it admits an increasing filtration F* A such that the corre- 
sponding associated graded is a finitely generated commutative fe-algebra. 

For n > 1, we say that a A;-algebra is almost commutative of order n if it 
admits an increasing filtration compatible with the algebra structure, such 
that the associated graded is an almost commutative algebra of order n — 1. 

We have the following direct generalization of Quillen's theorem [Q], 
whose proof goes through essentially word by word; we reproduce this proof 
for the reader's convenience. (In what follows, k is an arbitrary field.) 
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Theorem 6.1 (Quillen). Let A be an almost commutative algebra of some 
order and let M be a simple module over A. If (p €z EndA(Af ), then (j) is 
algebraic over k. 

Proof. Note the following elementary facts: if a fc-algebra B is filtered with 
associated graded algebra C = gT{F'B), then any finitely generated B- 
module M is automatically filtered as well: let V be the /c-span of a (finite) 
set of generators for M, and define a filtration on M via: 

F'M = F'B ■ V. 

Then gvF'M is automatically a finitely generated C-module. Moreover, 
gr{B[T]) = C[T]. Finally, choose 6 E Ends M; then M is naturally a B[T]- 
module, via: {b ® p{T)){m) := p{9){b ■ m) = b ■ p{9){m). Then grF'M is a 
finitely generated module over C\T] (as mentioned in ^; here, T i— )• gr((/))). 

We now "rewrite" the proof from |Q]. Note that M is an A[T]-module 
as above (with T i— )•(/)) ; taking the associated graded of this (successively) , 
we get a finitely generated module N over B [T] , where B is almost commu- 
tative, and N is obtained from M by taking successive associated graded 
modules in a standard way. Then gr(A^) is finitely generated over gr(S[T]). 

By the generic flatness lemma (see [Q]), there exists a nonzero polynomial 
/ € k[r], such that gr(A^) is free over k\r]j. This implies that A^ is free over 
k\T]f, whence we will get that so is M (with T >-^ (p when acting on M). 
On the other hand, Endyi(M) is a skew field, so M is a vector space over 
k{(j)) C End^(M). This is a contradiction if (j) is transcendental over k. D 

Next, recall the following definition from jGij . 

Definition 6.2. Let A: C ^ be an associative algebra endowed with two 
(non-unital) finitely generated commutative subalgebras A'^ and an element 
6 £ A. One says that this data defines an algebra with commutative trian- 
gular decomposition if the following hold: 

• ad (5 preserves both A'j. ; 

• ad (5 acts diagonalizably on A; the eigenvalues for the action on A'^ 
lie in =bZ>o; and 

• the algebra A is finitely generated as an A--A^ bimodule, where 
A± := A'^ (B k C A. (This differs from [GiJ in order to reconcile our 
notion of O to his.) 

In this case, Ginzburg's "Generalized Dufio Theorem" |GH Theorem 2.3] 
(which actually concerns a wider class of algebras) says that primitive ideals 
are the same as prime ideals, and are annihilators of simple objects of the 
appropriately defined BGG category O (provided it has finitely many simple 
objects). Applying this to our algebra Hz, we get: 

Theorem 6.2 (Analogue of Dufio's theorem). Primitive ideals in Hz are 
the same as prime ideals, and are annihilators of simple objects in O. 
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Proof. Let Rx := Hz/{tz — ^)Hz- Given a primitive ideal / C H^, we get 
a simple //^-module M; since k = k, Quillen's theorem says that M is a 
simple i?A-niodule for some X £ k. 

Suppose we show that A = Rx is a finitely generated yl_-yl_|_-bimodule, 
where A± are the images of 5+ := k[e,x],B- := k[f,y] (respectively) under 
the quotient map {a \-^ a) : H^ ->^ Rx- Then Ginzburg's theorem holds for 
Rx (using 6 = h and A'^ to be the augmentation ideals in A±). Moreover, 
the category Or^ is contained in O^ , the summand in the spectral decom- 
position mentioned in a previous section, and hence it contains only finitely 
many simples. 

Thus, primitive ideals for H^ are indeed annihilators of simple objects in 
Ohz ■ Moreover, / is prime, hence so is /. Conversely, if / is prime, then so 
is /, whence it annihilates a simple object in Or^ . Thus, / annihilates some 

Therefore, it suffices to show that Hz/{tz — \)Hz is finitely generated as 
an A^-Aj^ bimodule for any A G fc. In view of the PBW decomposition 
Hz = -B- ®k[h]® B^, it will suffice to show that h^ G B^MB^ Vi, for some 
finite-dimensional M. 

We claim that we may take M = /c ® fe/i ® • • • ® A;/i2<i'=s(^)+i. Indeed, 

2 2 1 1 

X = tz = ey + hxy — fx — -hz — qz = z + -hz — qz mod B^MB^. 

Now note that A = 4e/ -|- (/i^ — 2h), whence (abusing notation) 
f^a^b g Q . fc[/j]/(/ja+26+l) . B^ va, b>0. 

In particular, z,hz £ B-MB^, so that qz G B^MB^. On the other hand, 
since deg{qz) = deg(2;) -|- 1 and since /i2dcg{z)+2 ^ ^^^ _|_ j^^f^Mkle], we 
get that /),2deg(^)+2 g B^MB+. From this, it follows that for any i, h' £ 
B_MB+. D 

It is an interesting problem to determine for which pairs of weights A, fi, 
one has Ix '■= Ann(y(A)) C I^ := Ann(y(^)). As a first step, we have the 
following 

Theorem 6.3. // the central element tz acts on M{X) by multiplication by 
a, then Ann(M(A)) is a two sided ideal generated by tz — a in Hz- 

Proof. For the proof, at first we assume that z = 0. In this case tz = t = 
ey^ + hxy — fx^ always acts by on all Verma modules, so there is only 
one block. Thus we need to show that Ann(M(A)) = tPL. As both sides 
of the desired equality are ad g-submodules of H, and since the annihilator 
obviously contains tH^ it will suffice to prove that if we have any (/i-weight 
vector) g £ H such that [f,g] = = gM{X), then g G tH. (We are 
considering "lowest weight vectors" inside i?, which is a direct sum of finite- 
dimensional g-modules.) 
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Write g asYl dijih^'e^x^ where giji E k[f, y]. Since by assumption [/, g] = 
then gM{X) = if and only if 



gvx 



= gy^'vx = J^dijiih^^y'^Vx^vx = J^^oodh^y'^jvx Vn, 



where the penultimate equality follows because [x,y] = and [e,y]vx = 0. 
But hy"' = y^h — y", so we get 

gy^'vx = Y.9my''{h' -{h- n)')vx = 0, 
I 

whence (cancelling y" on the left in M(A) = B^ = A;[/, y], an integral 
domain) we get that f{n) = for all n, where 

/(T) = Y.gm{\ - ry -Y,9ooiX' G k[T] 

l>0 l>0 

By Lemma l5.ll (and induction on /), we conclude that 
(14) (700/ = V/ > 

Next, rewrite g as X^„=o SILo ^«"^"~*y*' '^here aj„ S ilg. Using the 
"dividing trick" ^, we may assume that g is not divisible by y from the 
right, so some aon 7^ 0. Now, we have 

= [f,9] = 5](n - i)a,nX^-'-'y'+' + ^[/,a,„]x"-*y\ 

i,n i,n 

SO [/, Oj+i^ra] = (n — i)ain for all i, n. In particular, [/, oon] = Vn. Since H 
is a direct sum of finite-dimensional g-modules, wt(5f) must be nonpositive, 
so wt(aon) < —n. 

There are only two steps remaining. First, we claim that N > 1 if g ^ 0, 
and second, if so, then we can find a £ tH such that g — a has "smaller 
A^- value"; this finishes the proof, by induction on A^. 

Suppose A^ = first. Then by a result similar to Lemma \T3[ g = aoo = 
p(A) • /' for some I > and p G k[T]. If this kills y"'Vx VA, then 

p ((A -21- nf + 2(A - 2/ - n)) = Vn 

and this would imply that p is a constant, by Lemma |5. 11 This contradicts 
that p • /' annihilates M(A), unless p = 0. 

Next, suppose A^ = 1 and g = gqx + aiy + 02 (with all aj G itg), so that 
aQ,a2 G k[f,A]. (Then 02 = by considering the parity of the possible 
weights.) Moreover, ai = [e, oq] + b, where [f,b] = 0; therefore aiy will 
contain a PBW monomial not containing e, x and containing h. But this 
contradicts equation ([TH) above. 



This proves the first step; moreover, /|aoAf, since wt(aoAr) < A'" and gqn G 
k[f, A]. Now consider aoAr//; as in the proof of Proposition 12.61 there exists 
an element g' = (aoAf//)^^ + Si=i CiX '^~'^y'^ which commutes with /. 
Thus, g + g't £ Ann(M(A)) commutes with /, and it is divisible by y from 
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the right, hence we may divide by it. Proceeding by induction on A*", the 
result is proved when z = 0. 

Now let z be arbitrary. Given X G k, recall the inclusion in equation 
(fT2]l : gr(Ann(M(A))) C Ann(gr(M(A)). Moreover, gr(M(A)) is just a Verma 
module over if . Therefore if 5 G Ann(M(A)), then (7 = (tz — a) g' +g", where 
g" has lower filtration degree than g (since g" £ Ann(M(A))). Proceeding 
by induction on the filtration degree of g, we are done. D 

We conclude by considering the constant parameter case: z = 1. The 
following theorem describes the primitive spectrum of H^, as well as the 
multiplicities of irreducible modules in Verma modules. 

Theorem 6.4. For X ^ fx, V{X),V{fx) lie in the same block if and only if 
A + /i = —3, and M(A) is irreducible if and only i/ | + A is not a positive 
integer. Otherwise we have — )• V{—3 — A) — )• M(A) — )• ^(A) — )• 0, and 

I-3-X C h. 

In particular, (primitive) annihilator ideals for X ^ fi are either not compa- 
rable (A / — /i — 3), or equal (A = — /i — 3 ^ - + Z), or strictly comparable 
(otherwise) . 

Proof. Recall that in this case, the central element is equal to ti := ey^ + 

11 1 

hxy-fx^--h+-A, so it acts on y( A) by the scalar 1 + -(A+((A + 1)^-1)), 

hence V{X), V{fj.) lie in the same block if and only if A = /i, or A + ^ = —3. 
Next, note that [x, y"^ + 2/] = 2y — 2y = 0, therefore x(y^ + 2fYv\ = 
0. We now determine when (y^ + 2f)'^vx is annihilated by e. Using that 
[x, y^ + 2/] = 0, we have 

= e(y2 + 2/)-z;A = [e,(y2 + 2/)"]^A 

= ^(2/2 + 2/)'(2(yx + /i) + l)(y2 + 2/)"-'-i 

l<n 

= n(2A + 3-2n)(y2 + 2/)"-^VA- 
Hence if n is minimal among those for which (y^ + 2f)^vx is a maximal 
vector, we must have A = n — |. Now assume that g = ^^ aif'^y^~^^vx is a 
maximal vector; then x ■ g must vanish. In other words, 

= Y, <^^ ry'">x = 5](n - 2i)a,f^y^-^'-\x - Yl mr^v'^-^'^W 

This implies that (n — 2i)ai = (i + l)aj+i for all i. Hence, n is even and 
this system of equalities has exactly one solution up to multiplication by a 
constant; therefore g = (y^ + 2f)'^''^v\. 

To conclude, we have shown that M(A) is irreducible if | + A is not a 
positive integer, and otherwise we have the desired short exact sequence. 
Finally, since (y^ + 2/)" G Ann(F(A)), therefore 

Ann(y(/i)) = Ann(M(/i)) = Ann(M(A)) C Ann(y(A)), 
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where X + fj, = —3. D 
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